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Abstract . The use of Automatic Differenriarion for Time Series Anal)'!ois is con
sidered . Especially we discuss the exact ML-e!>timation for lineae regression model.
With stationary ARMA(p,q) residuals , The gradicnt and the Hessian matrix of the
likelih ood Iuncncn. which has to be minimized. can be computed at fixed hut .U"

bi t rary chosen points by Automatic Differentiation . The stationarity region for the
AR~tA(p.q) residuals is represented as a system ornonlinear inequaJiti6 . The spe
ciaJ beha vior of the likelihood function all ows to use well-known methods ror solving
unccnatreiued nonlinear progremming problems.
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1. INTRODUCTION

O ne of the main problems in Time Series Analysis is the ca lcula t ion of
maximum-likelihood es t im a tors. Especially concern ing linear regression models
with s t a t io na ry AR~IA (p,q ) residuals, many investigations can be found in t he lit 
er a-t ure. see e.g. Harvey and Phillips ( 1979 ) and the references cited t he re . T he
maximum-like lihood es t im a tor ca n be cha racterized as the so lut ion of some op
timization problem . And to treat suc h a problem , grad ient vecto r and Hessian
mat rix of t he object ive func tion are vp. ry useful. Our particular object ive func
tion is not easy to di fferentia te, because it involves implicitly defi ned Iun ct. ious .
In the pas t . t he exac t treatment has been conside red to be not manageable be
ca use o f the co mplica ted objective fun ction and the difficult side conditions . in
an approxim a te approach. derivat ives most ly a re replaced by quotients of di ffer
ences . This com mon pract ice inevitably leads to the well-known predica ment . a
la r;e d iscre ria a rio n-stepsize y ields inaccura te values and a small step size makes t he
co m p ut a t iona l p ro cess instab le. But within the las t decade it has be-come appa rem
that deriva t ives can be com puted effic ientl y by Automat ic Differentia tio n methods.

•
These ideas have been OVNSl;'(" n or igno red fo r a lom; t ime. t he breakth rou uh III

Au romatic Differentiation ca me with t he work of Ra il (l!) ~O, 1:1r-1. 191'l ~ . 1 9~7 ), ;,('f'
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is J F'LS 1. r (19,1!7 19M , 1989 ). The state of the art can be found In Gn~ "' b. ..
Corliss (1 ~9 1) Automatrc Ditleremiaricn In sta t ist ics .. e It used by Thacker :I

nd S wyer (198 4) G r adie nt vector and Hessian met rtx of a fa lrl )' geuer ai !un.-[,
of se ver I vau bies c n be o b ta ined "automatically" III an ~ y and s t r 19htfor wa.r
m nn r No discreviz tion is involved . no manipulevicn of symbols JS necesser
Furthermore, Automatic Differentiation makes it possible to t reat Iuncn on whrcu
w re out of reach previously for ins tance: compute gradient vec tor and Hessren

matrix of the determinant of a matrix , the entries of which are functions of severa l

variables. This enables us to present a method for the exact ~f Lcestimat ica. Sc

the intention of this paper is to demonstra te that Automatic Differentiation lS &

powerful device for Time Series problems.

In section 2 we introduce linear regression models with stationary AR!'ofA (p q.
residuals and derive their likelihood fun ctions , which have to be minimized . T he
next section provides appropriate optimization methods . a New ton method. a
Broyden- F'letc.her-Goldfarb-Shanno met hod , and theorems concerning the rate of
convergence. Automatic Differentiation is described in section 4 , where fi rst ....·e
present the general idea and then focus on our particular T ime Series p roblem .

2. T ilE ~I ODEL AND T il E LIKELIH OOD FUNCTIO:;

Consider the linear model

y =X I3 +u. (2 .1 )

X E ~T ,,. is 1\ given des ign matrix with rank (X ) = r < T , y E ~T is 1\ given vector.
and the compo nents "1, . . . ,"T of u are AR~(A (p,q ) , i.e.

p •

L ~i"U t_i = L 8 j er _ J

i = O i=O
•

for t = P + I. ... , T , (2 .~ )

..... here 4> 0, . .• , 4>p and 8 0, . . . ,ep Me real nu mbers. 4>0 :::: eo =1, a nd w here t he
e... are unobse rva ble independent normal ran dom variables with

£ « . ) = 0, £«;)=",' , £«.,<.) = 0 fOfr, < E 2. r#<. ( ~.3)

f or r = .. , -1, 0.1, .. . , (2.2) and (2.3) define 1\ sto chas t ic precess that is station
ary ' It h Ut independent of !'+lo ! t+2.. if and only if the 4l1's lee such t hat t he
princrpe! .nicore '', (4)) of the matrix Q(1) ..... ith t he components

muli ... )

qiJ '= ~ f¢. _t tl>J _ " - tl>P+"_I4>P~"_ J )
.-,:0

for I J = O. • p - I

rr po ILl""

• f! 1I,lI1H' r in
(It Pee eno (IOj:!) . Hence
q u ht i~ in 4> .:.= ( 4), •

w t" C n t ...te th ..

. 1'p )'by
t u I, a l l l )

h,( '!» > 0 (COl I = l. , p
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tlonacit)' of (2 2 ) . f' bt In t fa .. full "

L ( J, <I> ,e.a ) = l ~ ") TI ' IEr ( ·~ .e,~lr"/' x

x •• p{- i (v - X J )' ET(<I>, 6 , oT" (y - X;JJ)

= (2..)- TI'( ~') - TI'IVT ( <I>, 6)1- 1/ ' x

x exp ( - ~(v - X ,1)' VT( <I> , 6 )-1 (v - X 13) I,
wher e ~T(t , e , cr ) = E(uut

) =cr '~'r(cfl , 8) is given by a. formula and positive
definite .

The ~{L-es t imato r (p, ~ , 8,J- ) for (13 .t , 8 , cr ) can be co m puted by solving the
follow in g m inim izat ion problem.

min { T . ln{U' ) t lnIVT(<I> ,611 + ( V -X;3 )'VT { <I> ~e )-I (v-XJ)} (2.6)
8••.e.~ q

subject to h. (<I' ) > 0 for i = 1, ... , p end u > O.

The known matrix VT (cfl.8 ) co mprises only T different entries vo(¢l, e) , ...
VT_ 1 (cfl , 8 ) which are assum ed to be twice conriuuo usly differe ntiable (un ction s.

The oprimiretion problem (2.6) IS of the fo llowing form:

u.in{f(. ) I h{z ) > OJ, f ' JR" - 'R, fE e' , h : iR" - ]<P+I ,

where z denotes the four gathered variables 13 , cfl , e, o . Therefore n = r + p +
q + 1. The strict inequality cons t raints are auch that they allow the application
of minimization procedures for unconstrained problems with a specia l step size
control.

3. O PT IMIZAT IO N

In this chapter we describ e two algorit hms for solving the optimization problem
(2.6). ~lost of the iterat ive algo rithms for minimizmg a given fun ct ion F o ve r a set
n ,= {z E It" I h (z ) > O} have the following st ructure:

Step 0) chose , E n, set i = 0

, t~r- !' if ~' r z ; · 0 ;-. "', s t o-

S' r.) ~. " eer cn c rrcct L! •

"it 0 3) ue cerm -ne a step Sl:!: L oj

a. ) ~ J ~l ~ 0

H f (;- / ...d w ' ;'~( zi)

e e" di ,." t. 1l1l rJ I.) n' d lP If.. ,Ian ItI vrix Lr ' he
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First we pro post" modified. ewtcn algorithm The search di rec uon " !.I t he

so lu t io n of
8 J 51 =gj

The step size T) will be chosen as follows:

Let 6 E (O,I /2) . Dete rmine the smallest v E {a , 1,2 , ... } such tba.t with
TJ := (1 /2)'" and with Z j+ 1 := z J - 1JSj

(3.3 )

Condition (3.'2)&ensu res the posi tivity of the matrix Q(~ ). Hence, us ing the mod i
fied s te p size control (3.2 ) only an unco ns t rained m in im iza t ion pro blem is to hand le .

I( (3. 1) has no solution or more than one, there a re a Jot of possib ilities to leave
this critical s it ua t io n with success. To desc ribe these possibilities would exceed a
reasonable size of t his paper, details may be found in Dennis and Schnabel (1983 ),
F letch er (1983), Gill, Murr ay and Wright (1981).

The seco nd proposed algorithm will not use the Hessian matrix of t he objective
fun ction. T he method approximates in a cert ain sense th e in verse Hessian matrix
o f t he object ive fun ction. This ap proximation is de no ted by .\1i- We start at j = D
with the identity matrix as Jl j and modi fy J/j in a special way to get .\11 + 1 -

T he search direct ion $j will be compu ted by

Sj = Af1 9 j ,

and we shall get .\lj+1 with t he following upda te :

dj pj + d~ .\1j dj r Pj dj·\l1 + .\f1 dj p~
= .If; + (d' .) ' PiP; - (d'. . )

JPJ J PJ

In t his formula d; deno tes 1iT; ' j ll - ' (gj - g;+ .) and Pi denotes 11 .,11 - " " II II
deno tes the Euclidean norm. This update is ca lled the SFGS-upda te {Broyden
Fletcher-C old far b-Shan no}.

The step size :OJ will be computed in a way slight I)' different from the above
one:

let 0 < )'1 < )':1 < 1/2. Det crmme the sma llest 1I E {D , 1,2. _.. } su-h mat
with Tj := (1/2}1' and With ;(j+1 := zJ - Tj ~r

(al h(>,. .) > 0

(bl F(zj+ll < F( >j ) - 1, T,9;"
(c ) 9;+1~1 :S "'r2 a; $r

(3 .1\

Fo rmul a (3 lla ll; il lO ens ures the poain vity of Q(¢ ).

To mouve te t h i ~ proposa l ~r g l H" 1.\\, 0 theo rems hr~l . ho~ f'\ er -r u d uu-
ron
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DE FI:-'; ITION. A function F R" - ~ will be c lled uJII/ormlv ce nw r , I( F IS tWin·

co n ti nuous iy ditferent.i bit" and there exis t n,( ErR. with a < n < ( so that (or II
z ,!I E :It.. it holds

"11 '11' < . ' H(y). < (11 .11' .
Let t he sequence {Zj} be convergent to i , then (z)} converges

.s uprr/in eorly,

qua drati cally,

if

if

li 11 '; +1 - ill 01m =
;-~ II.; - ill '
-I' 11 '; +1 - i ll
rm :I' < 00 .

; -~ li z; -i ll

THEOR n t I. Let F he uniformly convex, {X j} he ge ne ra ted With th e New ton search
direct ion an d step size co n trol (3.2) and ZO o E 11 be an ar bitrary po in t , th en

a] th e algo rith m is practicable

b) { x J } converges superlinearly to th e unique global minimiur i 01 F

c) if th'n , m" L E :R WIth II H( . ) - H(y)ll." < LII. - yll for 011 ' , y E :R" , then
{ zi} com ;erges quadrat ically.

Here

P ROOF. Ritter ( 1082 ).

11.4· 111I .4 II M = sup II II '
zE I- Z

A E IRn ,. •

The motivation for Theorem 1 is tha.t if the Hessian matr ix of a convex objec
tive function at an isolated minimum x is pos it ive defini te, there ex ists a neighbor
hood of t , where the objec t ive func tion is uniformly convex.

T HEOREM 2 . Ld .t o E n nn d {Xj} be generated by the BFGS./I.pdate and the !ft rp

j i=e con t rol ( 3.-l) •

a ) If F IS co n tm uollsly differentiable and ce n ve.r, [urttiermore tWICt: co n ti n uo usly

dijJ,,"'trobl' on So := { . I F (.) < F( . o)}, o"d So " bou"d,d. th,n

1I9jll - 0 as j - 00 li nd every clus te r po m t of { xi} Will be II global

In Wfml:e r .

b} II additlOnal/1j to a) {Zj} con verqes f o i WIth g(t ) = 0 t1r1d F is tWICt: con 

tlnuouslv differentIab le on an open conve x ne ighborhood U of i and H (x ) IS

pos itu: e -{rfillit e. [urthrrm ore there auts L E.? Il.!lth

1I 11 (. ) - H(y)II .1f < L II . - yll
•

tlven { zf} will co n vr: rge s ltpe r/irlear/y .

PROOF RittE'r 1 1~8 2)'

for 111/ x ,y E U ,
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Fin lIy w rem ric th t , if In problem (2.6) t he ite ra t ion qu nee {J:) J evn
... erge 1.0 tht. bl rder of th feasible re gion. then the model estebbsbe d ne-t
st tionary proce 3. Hence, a new model hes to he searched {OJ the gl\, " O dar .

A grea t difficulty in applying the above algori thms is the PCO'f' lS IOn of the firs t
and second derivative of the o bject ive funct ion J. This diffi culty will he AVOided
by using Autom at ic Diffe rent ia tion. T his tech nique de livers gradient and Hessian
marr ix of (unction a t arbi trary points exact up to rou nding e rrors . ~ o explicn
formula for the gredient and t he Hessian matrix will be needed . T his method shall
be lined ou t in the following.

4. AUTOMATIC DIFFERENTIATION

In this sec tion we first describe the basic ideas of Automatic Differ ent iat ion.
and then we focus on our specifi c objective function. For the seek of simplifi ca tion
we use the forward mode, which additionally su ppor ts .1. parallel implementat ion in
a na tural way in opposite to the reverse mode, which would be applicab le for our
special problem. too . Let f : D C :t(" - ~ he a twice different iable funct ion . let
fa (x ) and fn (x ) deno te the gradient resp. Hessian matrix of fat z € D. Recall
that

fG (z ) = [8
f (Z )
8z,
8' f( z)

8r l 8z1

fa (z ) =

. . .

8:;:f
8' f( z)

8z 18r"

• • .... n
15 3 vector In _"I. •

is a symmetric matrix in :;.nn .
•

8 ' f( z) 8'f( z )

8xn8z1 8zn8zn
Defi ne a black box FGU, which accepts the function f and the poin t r , and which
produces the triple f ez ), fG (z ), fa (z ).

I
f (z ),fG(z ),IH ( z ) FGII •

Our aim is to implement the black box FGII for fairly ge neral f and nrbit ra rv
zED.

To begin with. we st are triv ial cases.

Let r : D - ~ be a constant fun ction, t ha t means r l z ) , f II - D• = l Of J.Z ,:::

Then
ra (z ) = zero- vector. rn (.r) = ze ro-ma tnx .

Let r : D - :;( be a project ion. that means rex ) = Zj = I-- tll component of r , T hen

rG{.l ) :;; i-th unit-vec tor, r H{x) = zero-matr ix .

li enee, the blac k box FG II can be imp lem ented for consta nt Iuuctions .l l h l

ucns. T ho ugh this is triv ial, we need it as bnsrs for thc seq uel.
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'Ai e onsrder two r 1I111i r .... yl'l t., burld n w Iuuct rou fl"lII old 0 11 ' t tl
r t t It I c mp ItIon and the librnry com posit ion. Assume thAt the fUIlCLI f.Jll S

<1 : D C :R" - II and b : D C !ll" - II

re t tee ditf re ntiabl . Assume further th t r is one of the functions ,I +b, a -b. (J ·b,
nib with t he p rovision b(z)::j:. 0 in the case r = alb. Then r is twice differentiable
too. Let us marl the gradien t and the Hess ian matrix of a funct ion by the subscript
G resp. H. Table 1 sho ws form ulas for ec and r u -

Table 1. Gredient and Hessian matrix of ratiol1.1ll composi tion '.
function gradient Hessian matrix

r=a+ b rG = aG + bG rH = aH + by

r = a - b rG = aG - bG TH = ay - bH

r = a . b rc = b · aG + a . be TH = b · «« + aG . bh + a · bH + bo <1 'a

r = <1 /b rc = (aa - r . ba )/b TH = (aH - rG ' b~ - r ' bH - bG . rh )/ b

\Ve strictly distinguish bet ween funct ions and fun ction values. So it shou ld
be clear that the table above shows equa tions of function s. Ap plying any of the
functions r-, r G , r u to some zED. we get an equation of fu nct ion values. For
inst ance in case of multiplication (r = a · b), we obt ain

From the form ulas in Ta ble 1 we conclude:

For gw en zED , Ih e tri ple r(x ), TG(X), rH(x ) can be co m puted /ro m lhe triples
a(z), aa (z ), aH( z) and b(z), ba( z), bH(z) .

This observat ion allows to define a black box RAT, which accep ts the ty pe
of ", E { +, -,.,f} and t he triples a(z ), adz ), aH (z ) and b(z), ba( z ), bH( Z), and
which p rod uces t he t rip le r{ z), rG{z ), rH {x ),

RAT a(z) , adz), " H(Z)

b(z ),ua(z),bll( z)

3,I (z ) =withI : D C ?J - R

No re t ha t t he triple r (z) , rG(z), rH(z ) is no t a tri ple of formulas . nor is it n t riple
of functions. it rather is an element of ~ x ~" x ::\"" . It is obvious that the black
box RAT can easif y be implemented as a procedure in PASCAL. as a sub routine
in FO RTRAN. or as a functio n in a mo re po wer ful programmi ng language. .-\ s an
alternative the black box RAT can be replaced by four black boxes. each of these
desrgned for one particular type of ...; .

A fi rs t very sho rt exam ple shall show t he use of FGII and RAT . Co nside r the

funct ron



Define the Iuuctions It ,12 ,13 , I~ ,/~ D - by

l li z ) = z ,

h (z) = z ,

f, (z ) = z ,

I . (z ) = ft( z ) · f, (z )

I , (z ) = I.( z ){f, (z).

Of course', I~ = f . For given z E D we compute

F, - FGII (f"z )

F, - FGII (f"z)

F, - FGII (f"z)

F. - RAT ( · , Flo F,)

F, - RAT(/, F•• F,)

So we obtain the tri ple F, = (/,( z), I,c( z) ,f'H( z» = (f(z ),fclz ),IH ( z » . This
example indica tes that t he blac k box FGH ca n be implemented for any explicitly
given rational function.

:'Jext we tu rn to library composition . Let.\ be a collection of real functions
of one real vari able. For brevity, t hese fun ct ion s are called libra ry functi ons. One
may choose sin, In, ... and the like as lib rary fun ct ions .

Assume now tha t r = ).. 0 a, where A : E - IR is a library function with first
derivative )..' and seco nd deriva tive >/' and a : D - ilt is twice diffe rentiable . Then
r is twice diffe ren tiable, t oo. Table '2 sho ws formul as for r c and r u .

Table 2. Gradient and Hessian rnau-i x of library composit ion.

r (z ) = A(a( z»

rc (z ) = A'(a( z» · ac (z )

rH(z ) = A"(arz» · ac (z ) · a ~ (z ) + A'(al z) ' aHl z )

We assume that we are ab le to evalua te ~\. )..' ,)../1 a t a ny given point in E. This i~ no
problem as long as ).. is one of the commonly used librnry Iunctions sin. In. sqrt .

and the like. The mechan ism to get the t rip le r( .r), rG( .c ) , ru (J' \ from the t rip ie
a( .c ), aG(z ), lIJ1er) does no t depend on t he particular r , it does not e ve n depend
o n the values a(z), (lG( z) , (l H( .r), it merely is a matter of t he lib ra rv fun ction \,

From the formulas in Table 2 we conclude:

For !lIt'cn.r E D , th~ triple r( z), rG(.c ), ru ( .r ) can b ~ ('o mp tllrd frC'trl tht lrUlr

(l Ct ), lIG (z ), (lu( z) tU ln9 .\,A'~)..II.

This o bse rva tion allows to defi ne" black box LIB . which ncccp ts t he name ,.
A E {sm. In.sqn. } and the triple ., ( Z), '1r;( Z), .Iuld. and wlnch produce- h
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It s b VlOU S that the hi ck hox LIB ca n n.sily be rmpl mented as procedu re HI

P \SC'.\L , AS sub rou t ine in fORTRAN , or as function in more powerful progr m 
rmng la nguage . As n alternative the black box LIB can be replaced by a coll ec t ion
of b lac k boxes, each of these designed (or one particular library (unction,

:\. second very short example sha ll show the use of FG II, RAT and lin. Con
sider the fu nction

f : D C It' - IR wit h f (z ) = sin(z\ + In(z,)) .

Define the fun ct ions 11,12, h, 14, f~ : D ....... ~ by

f, (z ) = z,

j,( z)= z,

j,( z) = In( j,(z))

f , (z ) = f, (z ) + j, (z )

fs (z) = sinU,(z)).

Of course, I s = f . For given z E D we co mpute

F, - FGIIU"z )

F, - FGH U"z )

F3 - L1B(ln,/, )

F. - RAT(+, F" F3 )

Fs - L1B(sin, F.) .

So we obtain tbe t rip le Fs = U s( z) '/SG(Z)'/SH(Z) = (J( z),fa( z) , Ju( z» .

Ha vin g prepa red some tools. we a re ready to concentr ate on co m pu t ing gradi
en t an d Hessia n mat rix of a n explici tly given fairly general function

f :Dc ::<" -::t

The ph rase "exp licit ly given" shall mean that for I (z) we. have a formula whi ch
15 com posed of the co mponents of z , some real constan ts. the rat ional cpernt ions
T . - , ,I so me libra ry fun ctions. and parent heses at proper places . Hence. we can
set u p 3. ch aTtlC tt. rt : an g sequen ce 11 , h ._.. ,1. of fun ct ions 1; : D C R" - ~ s uch
tha t

( I) fo r i = I . . . . , n

I, (or) = Z j = i-th component of z,

( 2) (ori::; n + l, ... , n + rl wit hsome d E {O. I. 2, .. }

I I( z) ::; r' j = (pal cons tant ,



(3) for l = n+ .I+ 1. , .OJ

f. lz) = f. ,. ,lz ).., f. c. ,lz )

with some .-, E {+, - , ' , /} and some 0 (; ), ,3(. ) E { I 2,

with some A E .\ I\nJ some O'(i) E {I, 2, .. •i-I },

(4 ) f . (z ) = f(z ).

. i - l}or

A priori , the charac terizing sequence I I .[ r , ... • I. has not h ing to do wit h
differentiation, it merely describes how to com pute I (z ) algor ithmically" But in

view of RAT and LIB it is a convenient means for compu rmg Ic i» ) an d I H(Z )

\Ve assume that all library fun ctions used in the sequence It . h , f .
are twice differentiable. This gua ran tees that the given fun ction I is t wrce
differentiable. To the sequence It ,h .. . . .I. there correspond the sequences
ftG,I1G , · . · , I .G and IIH ,I1H , · . · . I . H· Now we define

F, := (f,(z ), f 'G (z ), f' H! z )) for i = I, . . . • 3

and consider the seq uence Fl . F" ... , F. of triples . For i = 1, ...• n + d the t riple
F, is obvious. And for i = n +d +- I • . . . , $ in this order we know the mechan ism
ho w to compute the triple Fj

from two triples already available in case Ii is a rational composit ion ,

from one t riple already available together with A" A~ , ><' in case f. is a library
composition.

For given z E D t he gradient IG(z ) and the Hessian mat rtx fH ( Z) can be
com puted by the following Algorithm 1.

Algorithm 1. Compu tation of f(r) , f o(r ), fH(r)

Step L : For f w I• . . . , n
I, (x ) - X i = i-th component of r , given
liG (z ) - i-th unit vec to r in ::t"
IiH (Z ) - zero-m atrix in :;tnn

F, - (f,( z) , f;a( z ), f ' H( z)) .

St , p :! ', F ' I 'd_ or I = n + .... . n 'T

li (z j - Ci = rea l cons t ant. predefined
j. G(z ) - aero- vector Ill ~"

IIH (Z ) - zero-m atr ix in A""
F, - (f, (z) , f .G\ ZI ,f.H(r) .

St r p J : For i = n + .{ + I , ..

F, - RATI .." F. ,. " Fd,,, l
or

F. - LIBp" F. ,.,)



Fbis leo tub m produces t ilt" t rapl,. F. l\ IHJ w e know tll"t

F. = (f .( z) , f .a(z),J. II( z)) = (j (z ),fa (z ),JlI lz ))

U we use the black box FG II for t he projecttons in Step I and for Lilt' constant
functio ns in S tep 2, we get a more concise form for Algorr th m 1:

A lgorithm 1. Com put&lion o( i(z), ia(r) , iH(r) - COI~ist: Iorm

SI~p 1: For i = 1, . .. , n

F, - FGII(J;,z ).

SItp 2: For i = n + 1, . .. , n + d

F, - FGII(f;,z) .

St~p 3 : For i = n + d + 1, . . . , "

Fj - RAT(l../i , Fa{i), FOCi»
or

F; - LIB(.\" F.(; )).

A comparison of the characterizing sequence 11 ,12 , ... ,I. and Algorithm 1
shows that a progra.m for computing ICz ) can easily be transformed into a program
for computing tbe triple f(z), fa(z), fB(') . Loosely speaking we may say: If
we have an algorithmic description for computing I (z ), and if we run th ro ug h
this description with triples instead of teals, with RAT (. , u, v} instead of u • IJ,

and with LIB(A, u) instead of A(u), we ob tain f(' ), fa (' )' fB (' ) instead of f (z ).
Furthermore, the close relation between the characterizing sequence It ,12 ," ,I .
and the Algorithm 1 demonstrates that the black box FGII can be im plemented
for a fairly broad class of ex plicit ly given functions.

Let us focus on our particular objective function I : D C lR" - lR with

The enterprise to compute gradient and Hessian matrix of I seems to be hope
less, for more than one reason. Firstly, how s hould we de al wit h the determinant
IVTC"' , e )l? Secondly, we know the matrix VT(4' , 8 ), but what about its inverse?
A ny way, the re is no chaeac te riziu g sequence for I at hand. :-lot yet. O f course. t he
de terminant of a matrix .\1 E :R,TT is a ration al fun ction of its entries .

where the sum has to be taken over a ll T! permut at ions (k l , 1.: 1 , .. , kT ) of
( 1, 2, .. ,T), and the entries of ,\[- 1 are rat ion al functions of the entries of .\1 .
by Cramer's rule. Bu t this approach toge ther with charac terizing sequences for the
entries of VT( ~, 8), would y ield an as t ronomical ly long charac teriaing seq uence for
I. Fortu na tely, a. characterizing sequence for a funct ion is not uniqu e..and WP :=th all
prese nt a manageable one for f.
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In o rder to g e l 3 more uniform notarton we set II = r "'t" p -.,.. q + I and

z l Zl .l ~ + 1 .1 ,.+,+ 1

z = , 13= <1> = e= u = z" , IU).
z. Z, L,, +, .c .. . , .... .

and we de fi ne for z € D

m(z} := VT ( <I> , e ) = matrix in :;tTT ,

d(z) := IVT (<I> , e)1 = real nu mber,

<:: (z) := y - XJJ = vector in !:{T ,

c( z } := ~ 2 = real number.

Then our object ive function reads

« Z)"m( Z)-I « Z)
f (z )=T ·lnc(z )+lnd(z)+ c(z) .

(4.3 )

(404)

(4..1 )

(4 .6 )

(4. 7)

\\'e recal l that the matrix m{z ) is posi ti ve definite . Hence , we may take ad
vantage of the Cholesky-feeto riaarion. \Ve are allowed to write m(.l ) in the form

m(z ) = I (z } · /(z )'

where 1(.1 ) is a lowe r tria ngu lar matr ix . T his im plies

Using the abbreviat ion
. (z) := /(z }-l« z )

the fe rmula (4,;) for / (x ) can be rewritten as

. ( z )' s( z )
f( z) =T ·lnc(z )+ lnd(z )+ .

C\ z )

(B)

(4 .9 )

(4.10 )

(·!. . I)

By the way, the previous problem with the determ inant h as vanished. beca use
d(z) = Im (z )l = 1/(z )l ' I/(z )' 1, and that yields

d(z) = (l ll(Z) · /,, (z) ' .... In (z)) ' (4 12)

It remains to tell how lex ) a nd j (z ) I: fl " E' obta ined al ('If i dll n il:.all~· n eo
signifi cant entries of the m&lr :.x [(ot } a ....

fork=l , . , T

for i ~ k + I , '" T,

I '-1
I.. (z) = t:.. (,) -;,£/. , lz I I••(zo

Jjt (z) = (.uj t(.r) - t.t\ ,.tz 1 ~ , ( J"\ 'l t H : 1
, ::: 1

, 't 13
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( 4 UT e,

ch fit!

u h I"

the , Igoru hnnc d.. crip uon ( -I 13) define eq u-nce of Iuur uou
r n onal co m po ILion or library co m posuron I III ..queue-

nd ends with ITT , we denote II by

wi r
I II

The components of .1( .1' ) a re

(orj =I •. . . , T. (

J - I

.)( x) = .)(x) - L: Ij . (x ) . ,.(x»)/I,, (. ).
..=1

(4. 15)

or course, the algo ri t hmic desc ription (4.15) defines a. sequence of fun ction s, w here
each one is OJ. rational compos it ion. T his sequence starts with .11 and ends with .1 T

we de no te it by

(4. 1G)

Now we work bottom-up and glue parts toge t her . Wp set / . ( .1' ) = z, for
1 = 1, ... I n and f ... +dz ) = T . T he en t ries mii of m are known ex p licitl y. W,.
combine the cha rac te ri zing seq ue nces of all the m iJ: in o ne sequence

II ,' " ,J... , . .. , m ll,' " , mTT ·

Then we co nti nue with (4. 14) and (4.15) and ob tain

(4 .17 )

(4.18)

From t he sequence (4.18) we proceed st raight forward to d according to (4.12) and to
I according to (4.11). The necessary rat ional compositions and lib rary com positions
a re obvio us. we de no te these by 1"" ... , rw - The resulting sequence

(4.19 )

is a character izin g seq uence for our objec tive funct ion f .
Recall t h a t t he sequence (4. 19) merely is an algo rit hmic description for com

pu ting I (.x ). But if we choose a po int z and use the seq uence (4. 19\ toget he r wit h
Algorith m I, we obtain t he triple 1(' ), I G(x ). In (' )'

5. CO;';CLUSIQ"

Au tom at ic Differentiat ion is a powerful means for ccmp uunc; de rivntives of
fairly general functions . incl udi ng all rational func tio ns , E\'E'n if "o rne fun ction f
involv..s impiiculy defined quantirres . such as the determinant o r the inverse of ,"\
matrix . he en rn es of win ch are functions of several vanables. ~radielll 'l. nd He-stan
marr ix of f a t grven points ca n be co mp uted effect ively,

\Ve discussed the exact maximu m-li kelihood estimution fo r linea r r {'~r p~~l oll

mod els With s tationary .-\ n~ t.-\(p.q) residuals . The ~ IL-..stuuator is I1 w soluuon
() f :l, nonl inea r op ti m iza tio n problem . therefore WI' proposed to 11M" well-est.abl ish d



It f ~.J r

~ lUlU t . U method t u e t he r "Ith "'ut. malic D.tft'cenll&l.l..tn F (1 .1.

sul t r proffiblllg \"r.ute pi onlll& tu 10 more numer re I exp CUll""
If) a P r llel o m p u u ng nvrronment

In fort hcornmg pa pe r we shall pc ent a detarled lmpJerut" nla.l.l n
rr n purer- based mechm and numerical ff"SUItS as W,.1l
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